ABSTRACT. We classify the finite-dimensional rational representations V of the exceptional algebraic groups G with g = Lie G such that the symmetric invariants of the semi-direct product g ⋉ V , where V is an Abelian ideal, form a polynomial ring.
INTRODUCTION
The ground field k is algebraically closed and of characteristic 0. In 1976, Vinberg et al. classified the irreducible representations of simple algebraic groups with polynomial rings of invariants [KPV76] . Such representations are sometimes called coregular. The most important class of coregular representations of reductive groups is provided by the θ-groups introduced and studied in depth by Vinberg, see [V76] . Since then the classification of coregular representations of semisimple groups has attracted much attention. The reducible coregular representations of simple groups have been classified independently by Schwarz [S78] and Adamovich-Golovina [AG79] , while the irreducible coregular representations of semisimple groups are classified by Littelmann [L89] .
For several decades, only rings of invariants of representations of reductive groups were considered. However, invariants of non-reductive groups are also very important in Representation Theory. Let S be an algebraic group with s = Lie S. The invariants of S in the symmetric algebra S(s) of s (= symmetric invariants of s or S) help us to understand the coadjoint action (S : s * ) and in particular, coadjoint orbits, as well as representation theory of S. Several classes of non-reductive groups S such that S(s) S is a polynomial ring have been found recently, see e.g. [J07, PPY07, P07b, Y] . A quest for this type of groups continues. Hopefully, one can find interesting properties of S and its representations under the assumption that the ring S(s) S is polynomial.
A natural class of non-reductive groups, which is still tractable, is given by a semidirect product construction, see Section 2 for details. In [Y] , the following problem has been proposed: to classify all representations V of simple algebraic groups G such that the ring of symmetric invariants of the semi-direct product q = g ⋉ V is polynomial (in other words, the coadjoint representation of q is coregular). It is easily seen that if q has this property, then k[V * ] G is a polynomial ring, too. Therefore, the suitable representations (G, V ) have to be extracted from the lists of [S78, AG79] . Some natural representations of G = SL n are studied in [Y] . Those considerations imply that the SL n -case is very difficult. For this reason, we take here the other end and classify such representations (G, V ) for the exceptional algebraic groups G. In a forthcoming article, we provide such a classification for the representations of the orthogonal and symplectic groups. To a great extent, our classification results rely on the theory developed by the second author in [Y17] .
Notation. Let S act on an irreducible affine variety X. Then k [X] S is the algebra of S-invariant regular functions on X and k(X)
S is the field of S-invariant rational func-
S is a graded polynomial ring, the elements of any set of algebraically independent homogeneous generators will be referred to as basic invariants. If V is an S-module and v ∈ V , then s v = {ζ ∈ s | ζ·v = 0} is the stabiliser of v in s and S v = {s ∈ S | s·v = v} is the isotropy group of v in S.
In explicit examples of Section 3 and in Table 1 , we identify the representations V of semisimple groups with their highest weights, using the multiplicative notation and the Vinberg-Onishchik numbering of the fundamental weights [VO88] . For instance, if ̟ 1 , . . . , ̟ n are the fundamental weights of a simple algebraic group G, then V = ̟ 2 i +2̟ j stands for the direct sum of three simple G-modules, with highest weights 2̟ i (once) and ̟ j (twice). If H ⊂ G is semisimple and we are describing the restriction of V to H (i.e., V | H ), then the fundamental weights of H are denoted by̟ i . Write '1 1' for the trivial one-dimensional representation.
PRELIMINARIES ON THE COADJOINT REPRESENTATIONS
Let S be an affine algebraic group with Lie algebra s. The symmetric algebra S(s) over k is identified with the graded algebra of polynomial functions on s * and we also write k[s * ] for it. The index of s, ind s, is the minimal codimension of S-orbits in s * .
Equivalently, ind s = min ξ∈q * dim s ξ . By Rosenlicht's theorem [VP89, 2.3] , one also has ind s = tr.deg k(s * ) S . The "magic number" associated with s is b(s) = (dim s + ind s)/2.
Since the coadjoint orbits are even-dimensional, the magic number is an integer. If s is reductive, then ind s = rk s and b(s) equals the dimension of a Borel subalgebra. The Poisson bracket { , } in k[s * ] is defined on the elements of degree 1 (i.e., on s) by {x, y} := [x, y].
The centre of the Poisson algebra S(s) is S(s)
The set of S-regular elements of s * is s * 
early independent if and only if ξ ∈ s * reg . More generally, one can define the set of S-regular elements for any S-action on an irreducible variety X; that is,
We say that the action (S : X) has a generic stabiliser, if there exists a dense open subset Ω ⊂ X such that all stabilisers s x , x ∈ Ω, are S-conjugate. Then any subalgebra s x , x ∈ Ω, is called a generic stabiliser (= g.s.). The points of Ω are said to be S-generic (or, just generic if the group is clear from the context). Likewise, one defines a generic isotropy group (= g.i.g.), which is a subgroup of S. By [Ri72, § 4], (S : X) has a generic stabiliser if and only if it has a generic isotropy group. It is also shown therein that g.i.g. always exists if S is reductive and X is smooth. If H is a generic isotropy group for (S : X) and h = Lie H, then we write H = g.i.g.(S : X) and h = g.s.(S : X). A systematic treatment of generic stabilisers in the context of reductive group actions can be found in [VP89, §7] .
Note that if a generic stabiliser for (S : X) exists, then any S-generic point is S-regular, but not vice versa.
S .
ON THE COADJOINT REPRESENTATIONS OF SEMI-DIRECT PRODUCTS
In this section, we gather some results on the coadjoint representation that are specific for semi-direct products. In particular, we recall the necessary theory from [Y17] .
Let G ⊂ GL(V ) be a connected algebraic group with g = Lie G. The vector space g ⊕ V has a natural structure of Lie algebra, the semi-direct product of g and V . Explicitly, if
This Lie algebra is denoted by s = g ⋉ V , and
The corresponding connected algebraic group S is the semi-direct product of G and the commutative unipotent group exp(V ) ≃ V . The group S can be identified with G × V , the product being given by
In particular, (s, v)
There is a general formula for the index of s = g ⋉ V , which is due to M. Raïs [R78] .
In particular, if a generic stabiliser for (G : V * ) exists, then one can take g ξ to be a generic stabiliser.
Remark 2.1. There are some useful observations related to the symmetric invariants of the semi-direct product s = g ⋉ V :
If H is a bi-homogenous S-invariant, then deg g H and deg V H stand for the corresponding degrees; 
Note that G is not assumed to be reductive and G ξ is not assumed to be connected in the above proposition! We mention also that there are isomorphisms k[g
From now on, G is supposed to be reductive. The action (G : V ) is said to be stable if the union of closed G-orbits is dense in V . Then a generic stabiliser g.s.(G : V ) is necessarily reductive.
Consider the following assumptions on G and V :
G ξ is a polynomial ring for generic ξ ∈ V * , and G has no proper semi-invariants in
The following result of the second author was excluded from the final text of [Y17] . .
Theorem 2.3. Suppose that G and V satisfy condition (♦) and V
for some homogeneous F . Let H be a generic isotropy group for (G : V * ) and h = Lie H. Assume
and S(g y ) Gy is a polynomial ring in ℓ variables with the same degrees of generators as S(h) H . Then
S is a polynomial ring in ind s = ℓ + 1 variables.
and we have nothing to do. Assume that ℓ 1. Let
We will show that these polynomials can be modified in such a way that the new set satisfies the conditions of [Y17, Lemma 3.5(ii)] and therefore freely generates
Notice that F is an irreducible polynomial, because (♦) includes also the absence of proper semi-invariants. Thereby
Gy by [Y17, Lemma 2.5]. Assume thath 1 , . . . ,h j are algebraically independent if j = d and dependent for j = d + 1. Thenh d+1 is not among the generators of S(g y )
Gy and it can be expressed as a polynomial
and we can replace H d+1 by the bi-homogeneous part of 
Section 2] for a detailed explanation. Thus, the only open problem is how to determine the V -degrees of the H i . In particular, the problem simplifies considerably, if ℓ is small.
THE CLASSIFICATION AND TABLE
In this section, G is an exceptional algebraic group, i.e., G is a simple algebraic group of one of the types E 6 , E 7 , E 8 , F 4 , G 2 . We classify the (finite-dimensional rational) representations (G : V ) such that the symmetric invariants of s = g ⋉ V form a polynomial ring. This will be referred to as property (FA) for s. We also say that s (or just the action (G : V )) is good (resp. bad), if (FA) is (resp. is not) satisfied for s.
To distinguish exceptional groups and Lie algebras, we write, say, E 7 for the group and E 7 for the respective algebra; while the corresponding Dynkin type is referred to as E 7 .
Example 3.1. If G is arbitrary semisimple, then g ⋉ g always has (FA) [Ta71] . Therefore we exclude the adjoint representations from our further consideration. In Table 1 , the group H is always reductive. Since G is semisimple, this implies that the action (G : V * ) is stable in all cases, see [VP89, Theorem 7.15] . The fact that G is semisimple means also that G, as well as G ⋉ V , has only trivial characters and therefore has no proper semi-invariants. If G is semisimple, V is a reducible G-module, say V = V 1 ⊕ V 2 , then there is a trick that allows us to relate the polynomiality problem for the symmetric invariants of s = g ⋉ V to a smaller semi-direct product. The precise statement is as follows.
Proposition 3.5. With s
Proof. Consider the (non-reductive) semi-direct product q = g ⋉ V 2 . Then s = q ⋉ V 1 . It is assumed that the unipotent radical of Q, 1 ⋉ V 2 , acts trivially on V 1 . If ξ ∈ V * 1 is generic for (G : V * 1 ), then it is also generic for (Q : V * 1 ). If G ξ = H, then the corresponding isotropy group in Q is Q ξ = H ⋉ V 2 and q ξ = h ⋉ V 2 ≃q, where V 2 is considered as H-module. Since G is semisimple, all hypotheses of Proposition 2.2 are satisfied for Q in place of G and V = V 1 . Therefore S(q ξ ) Q ξ = S(q ξ ) q ξ is a polynomial ring.
Remark 3.6. It is easily seen that the passage from (G : Example 3.7. In case 3b, we take Q = E 6 ⋉ ̟ 1 and E72] . Therefore, q ξ is isomorphic to the semi-direct product related to item 2a, modulo a one-dimensional centre. Therefore, S(q ξ ) Q ξ is not a polynomial ring (see Example 3.4), and we conclude, using Proposition 3.5, that k[s * ] S is not a polynomial ring, too.
In case 3c, we take the same Q and V 1 = ̟ 1 . The rest is more or less the same, since
is again a generic isotropy subgroup for (Q : V * 1 ).
Example 3.8. In case 4b, we take Q = E 7 ⋉ ̟ 1 and V 1 = ̟ 1 . Note that ̟ 1 is a symplectic E 7 -module. If ξ ∈ V * 1 is generic, then the corresponding stabiliser in E 7 is isomorphic to E 6 [H71, E72] . Thereby q ξ = E 6 ⋉ (̟ 1 | E 6 ) = E 6 ⋉ (̟ 1 +̟ 5 + 21 1) [E72] . Hence q ξ represents item 3b (modulo a two-dimensional centre) and we have already demonstrated in the previous example that here k[q * ξ ]
Q ξ is not a polynomial ring!
The output of Examples 3.7 and 3.8 is that there is the tree of reductions to a "root" bad semi-direct product:
and therefore all these items represent bad semi-direct products. Using Proposition 3.5 in a similar fashion, one obtains another tree of reductions:
Some details for the passage from E 6 to so 8 and then to G 2 are given below in the proof of Theorem 3.11. Note that the representations occurring in (3·1) have one and the same generic isotropy group, namely SL 3 . As we will shortly see, tree (3·1) consists actually of good cases. Here our strategy is to prove that both "crown" E 6 -cases are good. To this end, we need some properties of the representation (G 2 , ̟ 1 ) related to the "root" case.
Lemma 3.9. Let v 1 be a highest weight vector in the G 2 -module ̟ 1 and Q := (G 2 ) v 1 the respective isotropy group. Then (i) q = Lie Q has the codim-2 property and (ii) the coadjoint representation of Q has a polynomial ring of invariants whose degrees of basic invariants are 2, 3.
Proof. A generic isotropy group for (G 2 : ̟ 1 ) is connected and isomorphic to SL 3 [H71] and q is a contraction of sl 3 (See [VGO90, Ch. 7, § 2] for Lie algebra contractions). We also have q = l⋉n, where l = sl 2 and the nilpotent radical n is a 5-dimensional Z-graded non-abelian Lie algebra of the form
Here k (i) Since q is a contraction of sl 3 and ind sl 3 = 2, we have ind q 2. On the other hand, if 0 = ξ ∈ n(3) * ⊂ n * ⊂ q * , then dim q ξ = 2. Hence ind q = 2 and n(3) * \ {0} ⊂ q * reg . Since dim n(3) = 2, the last property readily implies that q * \ q * reg cannot contain divisors. (ii) It is easily seen that
is a q-invariant. There is also another invariant of degree three. Let {e, h, f } be a standard basis of sl 2 (i.e.,
is an sl 2 -invariant and in addition, the following Poisson bracket can be computed:
Since l = sl 2 and a 1 generate q as Lie algebra, h 2 is also a q-invariant. The polynomials h 1 and h 2 are algebraically independent, because h 1 ∈ S(n) and h 2 ∈ S(n). By (i), q has the codim-2 property. Since dim q = 8, ind q = 2, and b(q) = 5, we have deg
Therefore, h 1 and h 2 freely generate S(q) Q , see ( ) in Section 1.
Remark 3.10. In this case, (G 2 ) v 1 is a so-called truncated parabolic subgroup. Symmetric invariants of truncated (bi)parabolics were intensively studied by Fauquant-Millet and Joseph, see e.g. [FJ08, J07] . Let r tr be a truncated (bi)parabolic in type A or C. Then S(r tr ) rtr is a polynomial ring in ind r tr homogeneous generators and the sum of their degrees is equal to b(r tr ). The same properties hold for many truncated (bi)parabolics in other types [J07] . It is very probable that a sufficient condition of [J07] is satisfied for (G 2 ) v 1 . However, we prefer to keep the explicit construction of generators.
Proof. Here G = E 6 , g = E 6 , and V = 3̟ 1 or 2̟ 1 + ̟ 5 . Accordingly, V * = 3̟ 5 or 2̟ 5 + ̟ 1 .
In both cases, ind s = 13, V * / /G ≃ A 11 , and a generic isotropy group for (G : V * ) is SL 3 . By [Y17, Theorem 2.8 and Lemma 3.5(i) ], there are bi-homogeneous irreducible polynomials
, and their restrictions to g * × {ξ}, where ξ ∈ V * is G-generic, are the basic invariants of SL 3 . Here, for g * × {ξ} ⊂ s * , we use the
see [Y17, Lemma 2.5] . By [Y17, Lemma 3.5(ii) • If there is a non-trivial relation for the restrictions of F 1 and F 2 to g * × D, then this also yields a non-trivial relation for the subsequent restrictions of F 1 and F 2 to g * × {η}, where
• If G η ≃ SL 3 , i.e., η is also G-generic in V * , then F 1 | g * ×{η} and F 2 | g * ×{η} are nonzero elements of S(sl 3 ) SL 3 of degrees 2 and 3, respectively. The invariants of degree 2 and 3 in S(sl 3 ) SL 3 are uniquely determined, up to a scalar factor, and they are algebraically independent. Hence F 1 | g * ×D and F 2 | g * ×D are algebraically independent for such divisors.
• However, it can happen that a divisor D contains no "globally" G-generic points. To circumvent this difficulty, consider three projections from V * to its simple constituents, and their (non-trivial!) restrictions to D: • IfD is a divisor inṼ , then we can play the same game with Spin 8 andD. Let y 3 = x 1 + x 3 + x 4 ∈D, where x i ∈̟ i . Again, at least two of the projectionsp i :Ṽ →̟ i (i = 1, 3, 4) are dominant. Without loss of generality, we may assume thatp 1 andp 3 are dominant and then x 1 and x 3 are generic elements. Then (Spin 8 ) x 1 +x 3 ≃ G 2 , (G 2 ) x 4 = (Spin 8 ) y 3 , and ̟ 4 | G 2 ≃̟ 1 + 1 1. The structure of G 2 -orbits in̟ 1 shows that either x 4 is G 2 -generic and then (G 2 ) x 4 ≃ SL 3 or x 4 is a highest weight vector and (G 2 ) x 4 ≃ (G 2 ) v 1 , cf. Lemma 3.9.
Thus, for any
and in both cases S(g η ) Gη is generated by algebraically independent invariants of degree 2 and 3 (see Lemma 3.9 for the latter). It follows that F 1 | g * ×D and F 2 | g * ×D are algebraically independent, and we are done.
Combining Proposition 3.5, Theorem 3.11, and tree (3·1), we conclude that cases 3d, 3e, 2b, and 1a are good. (Note also that we have found one good case related to a representation of the classical Lie algebra D 4 .) Thus, it remains to handle only the semi-direct product E 7 ⋉ ̟ 1 (case 4a). [Y17, Lemma 3.5 (ii)], the restrictions H i | g * ×D , i = 1, . . . , 6 remain algebraically independent. On the other hand, let us consider further restrictions H i | g * ×{y ′ } , i = 1, . . . , 6, where y ′ belongs to the dense G-orbit in D. Recall that g y ′ ≃ F 4 ⋉ ̟ 1 and the latter is a bad Z 2 -contraction of E 6 , see Example 3.4. Moreover, the algebra of symmetric invariants of F 4 ⋉ ̟ 1 does not have algebraically independent invariants whose degrees are the same as the degrees of basic invariants of E 6 [Y17, Section 6.1]. This implies that H i | g * ×{y ′ } , i = 1, . . . , 6 must be algebraically dependant for any y ′ ∈ G·y.
Let L(H 1 | g * ×{y ′ } , . . . , H 6 | g * ×{y ′ } ) = 0 be a polynomial relation for some y ′ . Since the H i 's are G-invariant, the relation with the same coefficients holds for all y ′ ∈ G·y. seen that s has the codim-2 property. The discussion in Remark 2.4 shows that a 1 +a 2 = 5. Following the same strategy as in [Y17, Prop. 3.10] , one can produce an S-invariant of bidegree (2, 2). This implies that a 1 = 2 and a 2 = 3.
